Abstract-A basic problem in the interpretation of atmospheric remote sensing data is to estimate species concentration distributions. Typical remote sensing data involve a field of view that moves across the region and represent integrated species burdens from the ground to the altitude of the instrument. The estimation problem arising from this special measurement configuration is solved based on the partial differential equation for atmospheric diffusion and Wiener-Hopf theory. The estimation of the concentration distribution downwind of a hypothetical continous ground-level source of pollutants is studied numerically.
I. INTRODUCTION
IN THE REMOTE SENSING of atmospheric species, a ground-, aircraft-, or satellite-based platform scans a region of the atmosphere and measures the species burden within the field of view. An object of atmospheric remote sensing is to reconstruct species concentration distributions over a region based on the data available from the instrument.
There exist two recent studies that assess the capabilities of remote sensing for monitoring regional air pollution episodes [1] , [2] . Diamonte et al. [3] developed theoretical results for the estimation of point source plume dispersion parameters from remote sensing data. In a similar vein, Kibbler and Suttles [4] studied the estimation of unknown parameters in a pollutant dispersion model by comparing model predictions with remotely sensed data. No results have yet been reported in which actual remote sensing data have been used to estimate species concentration distributions.
The present paper deals with the theoretical foundation of estimating atmospheric concentration distributions from remote sensing data. Since the atmosphere is a three-dimensional system, mathematical models of pollutant behavior are of the distributed parameter type [5] . Remote sensing data usually represent spatial averages of concentrations, so that the estimation problem concerns a distributed parameter system with spatially integrated, scanning data. Although distributed parameter state estimation has been considered extensively (see, for example, [6] and [7] ), such problems with scanning and spatially integrated measurements have not been considered previously. The purpose of the present paper is to rive the required optimal estimators for the scanning and spatially integrated measurement case by a unified method based on the Wiener-Hopf theory.
In Section II, we define the remote sensing data analysis problem mathematically. Sections III-VI are devoted to derivation of the optimal prediction, filtering, and smoothing algorithms for the problem by Weiner-Hopf theory. Finally, in Section VII we present a detailed numerical example of estimating the concentration distribution downwind of a continuous ground-level line source to illustrate the application of the theory.
II. PROBLEM STATEMENT
We consider a single atmospheric species (nonreactive), the mean concentration U(t, X1, X2, X3) of which over a certain region is described by the following form of the atmospheric diffusion equation [5] 
We assume that the initial condition u0(x) can be represented as a Gaussian process with statistics
and the random disturbance w(t, x) is stochastically independent of uo(x) and is a white Gaussian process with statistics E[w(t, x)] = 0 E[w(t, x)w(s, y)] = Q(t, x, y)6(t -s).
We assume that the remote sensing measurements are taken at time tk over a view volume D(k) consisting of M pixels, as shown in Fig. 1 shown in Fig. 1 are in order. Ordinarily remote sensing from an airborne platform would be carried out at a single altitude. In such a case, it is not possible to estimate the concentration distribution between the platform and the ground based only on the integral of the concentration. Sakawa [8] and Koda and Seinfeld [9] have shown that in problems of this nature it is impossible to estimate the state uniquely based on integrated measurements from only a single sensor position since the required distributed parameter observability condition does not hold. Therefore, the estimation of species concentration distributions necessitates traverses over the region at different altitudes. From a practical point of view this requirement restricts this type of monitoring to aircraft platforms, which, for purposes of measuring air pollution, are the most useful. Considering that atmospheric concentration distributions change gradually and that airplane speeds are fast, the configuration sketched in Fig. 1 implies that repeated measurements at several altitudes are possible using only one airborne platform.
In order to represent (7) more compactly we introduce the following notation:
. : 
Furthermore, we denote the estimation error and error covariance functions by ui(t., X/tk) and P(t7, x, y/tk), respectively, where i4(t, X/tk) = u(t., x) -^( t,, X/tk) and P(t., X, Y/tk) = E[ii(tr X/tk)u(tT, y/tk)]. The estimate u'(tT, X/tk) that minimizes J(1) =E[d(tf, X/tk)2] is said to be optimal. Note that by using P(t7, x, Y/tk), J(uf) can be rewritten as J(u) = P(tT, x, Xltk).
To clarify the differences between the prediction, filtering, and smoothing problems, we express F(tT, x, t0y) differently for each problem as follows:
Here we use three temporal arguments t., tk, and t0 for the smoothing kernel B(tT, tk, X, t.) since these parameters should be changed according to the measurement data acquisition time. Then the following theorem can be proved similarly to that of [6] for the continuous-time observation case.
Theorem 1 (Wiener-Hopf Theorem): A necessary and sufficient condition for the estimate u^(t, x/tk) to be optimal is that the following Wiener-Hopf equation holds for 0= 0, 1, k and x ED =D U aD: (14) . Then it follows that FA(tT, x, t) -0, a = 0, 1, --k, and x E D, i.e., the optimal kernel function is unique.
In order to consider the prediction, filtering, and smoothing problems, separately, we rewrite (14) using the notation of (1 1){13). and from (4) and (20) rt1(t, Wtk) = 0 t E aD.
(25) Differentiating the definition of P with respect to t and using rtG(t, o,~, y) = S(t, t), t E aD G(cr, a, x, y) = 6(x -y). Then d(t, X/tk) of (24) can be represented in terms of G(t, a, x, y) as follows:
Substituting (26) into I(t, x, y) and using (6) yields I(t, x, y) = Q(t, x, y). Multiplying each side of (25) by u(t, y/tk) and taking the expectation yields (23).
Q.E.D.
Corollary 3: The optimal prediction estimate a(t, X/tk) and prediction error covariance function P(t, x, y/tk) can be represented as u"(t, X/tk) = f G(t, tk, x, a)i?(tk, Ut/tk) doa 
V. DERIVATION OF THE OPTIMAL FILTER
In order to derive the optimal filter by using the WienerHopf theorem for the filtering problem, we represent the solution of (3) On the other hand, from (8) (12) and (27) we have Il(tk+l, X/tk+l) = J G(tk+l tk, x, a)il(tk, o/tk) doa + F(tk+l, x, tk+1) (z(tk+I) -J(tk+l , x3) r GM(tk+l , tk, X3, a )h(tk, ae/tk) da dx3) = U(tk+l , X/tk) + F(tk+l , X, tk+l)V(tk+l). Since the initial and boundary conditions are clear, the proof of the theorem is complete.
To determine the optimal kernel function F(tk+l , x, tk+), we introduce the following notation: Using (40) and (47) From (8) VII. ESTIMATION OF THE CONCENTRATION DISTRIBUTION DOWNWIND OF A CONTINUOUS GROUND-LEVEL LINE SOURCE There has been much recent interest in the airborne measurement of pollutant concentrations downwind of sources [10] -" [12] . Here we wish to consider a hypothetical, but realistic, situation in which an aircraft with a downward-looking instrument, such as, for example, the JPL Laser Absorption Spectrometer [13] , is flown at different altitudes downwind of the source, and total species burdens are measured at a series of downwind distances.
The 
In this case the measurements Z(tk) are related to the con-
where the instrument kernel function will be taken to have the (75) form 
The theory developed in the prior sections can be applied directly to this problem, and the optimal filter and smoother are given in Table I . The prediction, filtering, and smoothing algorithms were applied to hypothetical data generated by solving (74)-(77) and forming Z(tk) from (82), using noise processes w(t, x) and V(tk) with prescribed properties. The distances t1, t2, * * * based on measurements taken at one to algorithms were applied to estimate the concentration distribu-four elevations. It is of interest to study the behavior of the tion u(tk, x) as a function of height x at several downwind estimates as a function of downwind distance and of the num- Table II. Figs. 2-4 show selected results of the application of the filtering and smoothing algorithms to the synthetic data of this example. Fig. 2 shows a comparison of the true concentration distribution u(tQ, x) and the filter estimates u(t, x/tl) based on two and four measurement elevations (t1 = 0.0002). As expected, the profile estimated on the basis of four measurement elevations is superior to that based only on two altitudes. Fig. 3 shows similar results at t8 = 0.0082. The filter estimate based on n = 4 virtually coincides with the actual concentration distribution. The performance of the smoothing algorithm is illustrated in Fig. 4 , in which the true concentration u(tT, x) is compared with the filter estimate ui(t, x/tT) and the smoothed estimates u(t., x/t2) and uk(t., x/t4) with t. = 0.0002, t2 = 0.0012, and t4 = 0.0032. Table III gives the trace of the filtering error covariance matrix P(t, x, x/t) for the four measurement configurations at three downwind distances t. As expected, the trace decreases as the number of measurement elevations is increased from I to 4.
VIII. CONCLUSIONS Filtering and smoothing algorithms for the processing of remote sensing data on atmospheric species concentrations have been derived using Wiener-Hopf theory. The algorithms were applied successfully to estimate concentration distributions from a hypothetical ground-level line source of material (e.g., a highway) based on remote sensing data taken from several elevations at a number of points downwind from the source. Although there has been increasing interest in the remote sensing of airborne concentrations, a data set sufficient for application of the theory developed in this paper does not yet appear to exist. Nevertheless, it is hoped that the availability of the algorithms developed here will facilitate processing of remote sensing data in conjunction with mathematical models of air pollutant behavior.
